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Abstract – We present a method for the evaluation of time-dependent linear response functions for
systems of active particles propelled by a persistent (colored) noise from unperturbed simulations.
The method is inspired by the Malliavin weights sampling method proposed by Warren and
Allen [Phys. Rev. Lett. 109, 250601 (2012)] for out-of-equilibrium systems of passive Brownian
particles. We illustrate our method by evaluating two linear response functions for a single active
particle in an external harmonic potential. As an application, we calculate the time-dependent
mobility function and an effective temperature, defined through the Einstein relation between
the self-diffusion and mobility coefficients, for a system of many active particles interacting via
a screened-Coulomb potential. We find that this effective temperature decreases with increasing
persistence time of the self-propulsion. Initially, for not too large persistence times, it changes
rather slowly, but then it decreases markedly when the persistence length of the self-propelled
motion becomes comparable with the particle size.
Introduction. – One is often interested in the time-
dependent response of a many-particle system to an ex-
ternal perturbation. In particular, long-time limits of
functions describing responses to weak, time-independent
perturbations give linear susceptibilities and linear trans-
port coefficients. For systems in thermal equilibrium, cal-
culating these time-dependent linear response functions
is relatively easy since they are related, via fluctuation-
dissipation relations, to time-dependent correlation func-
tions evolving with unperturbed dynamics [1, 2].
Fluctuation-dissipation relations are, in general, not
valid for non-equilibrium systems. In particular, they
are not valid for systems under an external drive (e.g.
sheared systems) or systems driven internally (e.g. sys-
tems consisting of self-propelled/active objects). Thus,
in principle, in order to calculate linear response in non-
equilibrium systems one has to run simulations at a fi-
nite value of the perturbation and approximate the sus-
ceptibility by a finite difference (with due care given to
the perturbation being weak enough so that one is in
the linear response regime). Notably, due to the lack of
time-translational invariance, evaluating time-dependent
response functions requires performing many independent
simulations in order to obtain statistically significant re-
sults. This makes such calculations computationally very
expensive.
Fortunately, at least for some cases, methods have
been developed which allow one to calculate linear re-
sponse functions from simulations of un-perturbed non-
equilibrium systems. Chatelain [3] and Ricci-Tersenghi [4]
introduced closely related methods to calculate linear re-
sponse functions in aging Ising spin systems evolving with
Monte Carlo dynamics. These methods were re-derived
within a more general approach and compared with other
no-field methods by Corberi et al. [5]. Berthier [6] derived
a similar method for aging glass-forming fluids evolving
with Monte Carlo dynamics. Finally, Warren and Allen
[7] presented a general approach for calculating linear re-
sponse functions in systems of interacting particles evolv-
ing with continuous-time Brownian dynamics. Warren
and Allen placed their method (and earlier approaches of
Refs. [3,4,6]) in the context of Malliavin weight sampling
used in quantitative finance to evaluate price sensitivities
of derivative securities (“Greeks”) [8].
In this Letter we present a method for calculating time-
dependent linear response functions for a class of non-
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equilibrium active systems from simulations without any
perturbing field. The particles comprising these systems
move under the influence of self-propulsion. We model
the self-propulsion as a persistent (colored) noise. The
presence of a finite persistence time of the noise requires a
non-trivial generalization of the Malliavin weight sampling
method derived by Warren and Allen.
One important motivation for our method is to model
active microrheology experiments [9] which are used to de-
scribe mechanical properties of active biological systems.
These experiments monitor frequency-dependent linear re-
sponse functions which can be obtained from the time-
dependent ones via Fourier transforms. More generally,
our method opens the way to efficient calculations of sen-
sitivities to changes of external parameters/conditions of
stochastic processes evolving under the influence of colored
noises.
We apply our method to a model system consisting of
active particles with the self-propulsion evolving according
to the Ornstein-Uhlenbeck process. Originally, we intro-
duced this system [10] as a continuous-time version of a
Monte Carlo model proposed by Berthier [11]. The same
model was independently introduced by Maggi et al. [12].
It has recently been studied by Fodor et al. [13] and termed
the active Ornstein-Uhlenbeck particles (AOUPs) model.
We note that an approximate mapping has been proposed
[14] between the AOUP system and the standard active
Brownian particles model [15].
A single component AOUP system is characterized by
three parameters, the number density, single-particle ef-
fective temperature (which determines the long-time diffu-
sion coefficient of an isolated particle) and persistence time
of the self-propulsion. In the limit of vanishing persistence
time an AOUP system becomes equivalent to a thermal
Brownian system at the temperature equal to the single-
particle effective temperature. Interestingly, Fodor et al.
found that for a range of persistence times an AOUP sys-
tem can be approximated by an equilibrium system with
an effective, persistence time-dependent potential [12,14].
In the following, we state the main result, illustrate it
using two analytically solvable examples, present a non-
trivial application, and close with some discussion. The
derivation of the main result is outlined in the Appendix.
Main result. – To simplify the notation, we will dis-
cuss a single self-propelled particle evolving under the in-
fluence of an external force. The generalization to a system
of many interacting self-propelled particles is straightfor-
ward. We will write the equations of motion in the form
used in Ref. [16], which is more consistent with equations
of motion used by Fodor et al. [13] than the original equa-
tions of motion of Ref. [10],
x˙ = ξ−10 (F (x) + f) (1)
τpf˙ = −f + η. (2)
Here F (x) is the external force, f is the self-propulsion, ξ0
is the friction coefficient of an isolated particle, τp is the
persistence time of the self-propulsion, and η a Gaussian
white noise with zero mean and variance 〈η(t)η(t′)〉noise =
2ξ0T
sp
effδ(t− t′), where 〈...〉noise denotes averaging over the
noise distribution, and T speff is the single-particle effective
temperature. Without the external force, the long-time
motion of the particle evolving according to Eqs. (1-2)
is diffusive with the diffusion coefficient D0 = T
sp
eff/ξ0 (we
use the system of units such that the Boltzmann constant
is equal to 1).
The problem that we want to address can be formu-
lated as follows. Let’s assume that at t = 0 the system is
in the stationary state and then the external force changes,
F (x) → Fλ(x). We would like to evaluate the linear re-
sponse of a function of the particle’s position Φ(x), to this
change. In other words, we are interested in ddλ 〈Φ(x(t))〉λ.
Here 〈...〉λ denotes averaging for the system prepared at
t = 0 in the steady state corresponding to force F (x), and
then evolving for t > 0 under the influence of modified
force Fλ(x). All the derivatives with respect to λ are cal-
culated at λ = 0, corresponding to the un-perturbed evo-
lution. In the following, 〈...〉 denotes the un-perturbed,
steady state average.
The main result of this Letter is that ddλ 〈Φ(x(t))〉λ can
be evaluated as a weighted average over unperturbed dy-
namics,
d
dλ
〈Φ(x(t))〉λ = 〈Φ(x(t)) (q(t) + p(t))〉
+τp
〈
Φ˙(x(t))q(t)
〉
. (3)
In Eq. (3), q(t) and p(t) are Malliavin-like weighting func-
tions that evolve according to the following equations of
motion,
q˙ =
1
2ξ20T
sp
eff
∂Fλ(x)
∂λ
η (4)
p˙ =
1
2ξ30T
sp
eff
τp (F (x) + f)
∂2Fλ(x)
∂x∂λ
η (5)
with initial conditions q(0) = 0 = p(0).
We note that by taking the τp → 0 limit while keep-
ing T speff constant, the equations of motion (1-2) become
equivalent to the Langevin equation describing a Brow-
nian particle moving under the influence of an external
force with thermal noise determined by T = T speff . Corre-
spondingly, in the same limit both the weight p(t) and the
second average at the right-hand-side of Eq. (3) vanish,
and our main result, Eq. (3), becomes equivalent to the
main result of Warren and Allen, Eq. (3) of Ref. [7].
Examples. – We consider a self-propelled particle in
a harmonic potential. The equations of motion read
x˙ = ξ−10 (−kx+ f) , (6)
τpf˙ = −f + η. (7)
In the first example, we perturb the system by a con-
stant force λ1. This amounts to the substitution −kx →
p-2
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−kx+ λ1 at the right-hand-side of Eq. (6). The constant
force shifts the average position of the particle away from
the center of the harmonic potential, and the most inter-
esting linear response is the change of the average position
of the self-propelled particle at time t after the perturba-
tion was turned on, d 〈x(t)〉λ1 /dλ1.
With the constant force perturbation ∂Fλ1/∂λ1 = 1
and ∂2Fλ1/∂x∂λ1 = 0, and thus the equation of motion
for weight q1(t) reads
q˙1 =
(
2ξ20T
sp
eff
)−1
η (8)
and weight p1(t) vanishes. Eqs. (6-8) can be integrated,
x(t) = x(0)e−kt/ξ0 (9)
+
f(0)
k/ξ0 − 1/τp
(
e−t/τp − e−kt/ξ0
)
+τ−1p
∫ t
0
dt′e−k(t−t
′)/ξ0
∫ t′
0
dt′′e−(t
′−t′′)/τpη(t′′),
q1(t) =
(
2ξ20T
sp
eff
)−1 ∫ t
0
dt′η(t′). (10)
To calculate d 〈x(t)〉λ1 /dλ1, we need to evaluate weighted
averages 〈x(t)q1(t)〉 and τp 〈x˙(t)q1(t)〉. Using Eqs. (9-10)
we obtain,
〈x(t)q1(t)〉 = 1− e
−kt/ξ0
k
− e
−t/τp − e−kt/ξ0
k − ξ0/τp (11)
τp 〈x˙(t)q1(t)〉 = e
−t/τp − e−kt/ξ0
k − ξ0/τp (12)
Thus,
d 〈x(t)〉λ1
dλ1
= 〈x(t)q1(t)〉+ τp 〈x˙(t)q1(t)〉 = 1− e
−kt/ξ0
k
, (13)
which agrees with the result obtained by solving and then
averaging the perturbed equations of motion. In Fig. 1
we compare results of numerical simulations of Eqs. (6-
8) with analytical formulas (11-13). On the scale of the
figure, the simulation results are indistinguishable from
the analytical predictions.
We note that although for the constant force perturba-
tion weighting function p1(t) vanishes, to get the linear
response we need to include the term τp 〈x˙(t)q1(t)〉, which
implies that even in this case our method is different from
that of Warren and Allen [7].
In the second example, we perturb the force constant in
Eq. (6), k → k − λ2. The change of the force constant
does not change the average position of the self-propelled
particle. Instead, it changes the spatial extend of the par-
ticle’s steady-state distribution, and the most interesting
linear response function measures the change of the aver-
age square position of the particle at time t after the per-
turbation was turned on, d
〈
x2(t)
〉
λ2
/dλ2. In this case,
∂Fλ2/∂λ2 = x and ∂
2Fλ2/∂x∂λ2 = 1, and thus equations
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Fig. 1: The response of the average position to the constant
force perturbation, d 〈x(t)〉λ1 /dλ1. Symbols: results of nu-
merical simulations of Eqs. (6-8) for k = 1 and τp = 3. Cir-
cles: 〈x(t)q1(t)〉, squares: τp 〈x˙(t)q1(t)〉, diamonds: complete
response. The lines show the analytical formulas, Eqs. (11-
13).
of motion for weights q2(t) and p2(t) read
q˙2 =
(
2ξ20T
sp
eff
)−1
xη (14)
p˙2 =
(
2ξ30T
sp
eff
)−1
τp (−kx+ f) η, (15)
where Itoˆ prescription is implied. To calculate
d
〈
x2(t)
〉
λ2
/dλ2, we need to evaluate weighted aver-
ages
〈
x2(t)q2(t)
〉
,
〈
x2(t)p2(t)
〉
, and τp
〈
x˙2(t)q2(t)
〉
≡
2τp 〈x˙(t)x(t)q2(t)〉. Analytically, it is convenient to eval-
uate these averages using the exact equation of motion
for the joint probability distribution of x, f , q2 and p2
that can be obtained from Eqs. (6-7) and (14-15). The
resulting expressions, consisting of exponential functions,
are rather long. Here we present only the final formula for
the linear response,
d
〈
x2(t)
〉
λ2
dλ2
=
1− e−2kt/ξ0
k
〈
x2
〉
+
[
1− e−(k+ξ0/τp)t/ξ0
k(k + ξ0/τp)
−e
−(k+ξ0/τp)t/ξ0 − e−2kt/ξ0
k(k − ξ0/τp)
]
〈xf〉 . (16)
In Fig. 2 we compare the results of numerical simulations
of Eqs. (6-7) and (14-15) with the analytical predictions.
Again, the simulation and analytical results are indistin-
guishable.
Interestingly, the response of the average position to the
constant force perturbation, Eq. (13), is independent of
the persistence time of the self-propulsion and is exactly
the same as that of a thermal Brownian particle in a har-
monic potential. In contrast, the response of the average
square position to a change in the force constant depends
on the persistence time. In particular, the expressions for
p-3
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Fig. 2: The response of the average square position to a change
in the force constant, d
〈
x2(t)
〉
λ2
/dλ2. Symbols: results of
numerical simulations of Eqs. (6-7) and (14-15) for k = 1 and
τp = 3. Circles:
〈
x2(t)q2(t)
〉
, triangles:
〈
x2(t)p2(t)
〉
, squares:
τp
〈
x˙2(t)q2(t)
〉
, diamonds: complete response. The lines show
the analytical predictions.
the long-time asymptotic responses read
lim
t→∞
d 〈x(t)〉λ1
dλ1
=
1
k
, (17)
lim
t→∞
d
〈
x2(t)
〉
λ2
dλ2
=
T speff (1 + 2kτp/ξ0)
k2 (1 + kτp/ξ0)
2 . (18)
For a thermal Brownian particle in a harmonic
potential the long-time asymptotic responses can
be expressed in terms of equilibrium correla-
tions, limt→∞ d 〈x(t)〉eqλ1 /dλ1 =
〈
x2
〉eq
/T and
limt→∞ d
〈
x2(t)
〉eq
λ2
/dλ2 =
〈
x2
(
x2 − 〈x2〉eq)〉eq /(2T ),
where 〈. . . 〉eqλi denotes a perturbed equilibrium canon-
ical average at temperature T and 〈. . . 〉eq denotes the
un-perturbed equilibrium canonical average. For the
self-propelled particle in a harmonic potential these
correlations can be calculated analytically,
〈
x2
〉
=
T speff
k (1 + kτp/ξ0)
, (19)
〈
x2
(
x2 − 〈x2〉)〉 = 2 (T speff )2
k2 (1 + kτp/ξ0)
2 . (20)
We note that the right-hand-side of Eq. (19) divided
by T speff underestimates the response (17) and likewise the
right-hand-side of Eq. (20) divided by 2T speff underesti-
mates the response (18).
Application. – As an application to a system for
which exact analytical formulas cannot be obtained, we
evaluated the time-dependent mobility of a single parti-
cle in a system of interacting self-propelled particles. The
mobility function describes the change of the position of a
single particle after the application of a weak force. Specif-
ically, at t = 0 a constant force is applied to particle num-
ber 1, F1(r1) → F1(r1) + λeα. Here ri is the position of
particle i, Fi(ri) is the interparticle force acting on par-
ticle i, Fi(ri) = −∂ri
∑
l>m V (rlm), with V (r) being the
potential, and eα is a unit vector in the Cartesian direc-
tion α, α = x, y, z. Under the influence of the constant
force, particle 1 starts moving and the α component of its
position starts changing in a systematic way,
〈α1(t)〉λ = χ(t)λ+ o(λ), (21)
where χ(t) is the mobility function. In the long-time limit,
particle 1 achieves a constant velocity and then α compo-
nent of its position changes linearly with time. This allows
us to define mobility coefficient µ,
〈α1(t)〉λ ∼ µtλ for t 1. (22)
In general, µ depends on the density, the single-particle
effective temperature and the persistence time. Its inverse
is the single-particle friction coefficient, ξ = 1/µ.
We evaluated the mobility function for a d =
3 dimensional system of N = 1372 AOUPs in-
teracting via a screened-Coulomb potential, V (r) =
A exp (−κ(r − σ)) /r, with A = 475T speffσ and κσ = 24,
at number density Nσ3/V = 0.51. The parameters were
chosen in such a way that in the limit of vanishing per-
sistence time the present system becomes equivalent to
a colloidal system that we investigated in the past [17].
In the following we use reduced units, with σ being the
unit of length and σ2ξ0/T
sp
eff being the unit of time. We
note that the system we considered is rather dense and
its steady-state structure factor, for all persistence times
investigated, for small wavevectors is approximately con-
stant and small. This suggests that this system does not
undergo a phase separation into a dilute and dense com-
ponents, at least for the persistence times investigated.
The most direct application of the approach presented
here would be to run an un-perturbed simulation and,
starting at t = 0, monitor the weighting function q1α(t),
which evolves according to equation of motion
q˙1α =
(
2ξ20T
sp
eff
)−1
η1α, (23)
where ηiα is the α component of the noise acting on
the self-propulsion of particle i. Then, to get the re-
sponse function one would need to evaluate 〈α1(t)q1α(t)〉+
τp 〈α˙1(t)q1α(t)〉. In practice, it is advantageous to monitor
3N weighting functions corresponding to all particles and
all Cartesian directions, and to average over time origins.
This results in the following expression for the mobility
function,
χ(t) =
1
dNNt0
∑
t0,α,i
[〈αi(t)(qiα(t+ t0)− qiα(t0)〉
+τp 〈α˙i(t)(qiα(t+ t0)− qiα(t0)〉] , (24)
where Nt0 is the number of time origins.
We should emphasize at this point that it is averag-
ing over time origins that makes it possible to efficiently
p-4
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f
χ(
t)
〈δr2(t)〉/6, τp=1
Tsp
eff χ(t), τp=1
〈δr2(t)〉/6, τp=0.01
Tsp
eff χ(t), τp=0.01
Fig. 3: Time dependence of T speffχ(t) (solid lines) and MSD/6
(dashed lines). Thin lines show τp = 0.01 and thick lines show
τp = 1. The figure shows that the effective temperature based
on the Einstein relation, TEeff = D/µ, is close to T
sp
eff for τp =
0.01 and is notably smaller than T speff for τp = 1.
calculate the response function from a single unperturbed
trajectory.
For a system in thermal equilibrium, mobility function
χ(t) is simply related to the mean-square displacement
(MSD),
Tχ(t) = (2d)
−1
〈
(ri(t)− ri(0))2
〉
eq
. (25)
In the long-time limit the MSD grows as 2dDt, with D
being the self-diffusion coefficient. Combining definition
of the mobility (22) and the asymptotic time-dependence
of the MSD we get the Einstein relation, Tµ = D. This
relation is, in general, not valid outside of thermal equi-
librium.
The Einstein relation can, however, be used to define
the following effective temperature
TEeff = D/µ. (26)
Here the superscript E indicates that TEeff is defined
through the Einstein relation. This effective temperature
depends on the density, the single-particle effective tem-
perature and the persistence time, and in general it is
different than T speff , except in the low density or vanishing
persistence time limits. We showed previously that for a
sheared Brownian system TEeff determines the density dis-
tribution in a slowly varying external potential beyond
linear response [18]. It would be interesting to investigate
whether this is also true for an AOUPs system.
In Fig. 3 we compare mobility T speffχ(t) and the MSD/6
for two values of the persistence time, τp = 0.01 and
τp = 1. For short times these two functions are notably
different. In fact, it can be showed that in the short-time
limit χ(t) grows linearly with time whereas the MSD grows
quadratically with time. In the long time limit both func-
tions grow linearly with time. It can be seen the long time
limits of T speffχ(t) and MSD/6 are very close for τp = 0.01
and markedly different for τp = 1. This implies that for
0.001 0.01 0.1 1
τp
0.2
0.4
0.6
0.8
1
TE e
ff 
/ T
sp ef
f
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1 2
r
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12
g(r
)
(b)
Fig. 4: (a) Reduced effective temperature defined through the
Einstein relation, TEeff/T
sp
eff , as a function of persistence time,
τp. (b) Dependence of pair distribution function g(r) on per-
sistence time τp. The lines represent, from top to bottom,
τp = 1, 0.1, 0.01, 0.001 and the Brownian limit τp → 0.
τp = 0.01 the effective temperature T
E
eff is close to T
sp
eff
whereas for τp = 1 these two temperatures are different.
In Fig. 4a we show the persistence time dependence
of the effective temperature defined through the Einstein
relation. For a range of persistence times TEeff changes
rather slowly. Then, TEeff starts changing more rapidly
and it reaches approximately T speff/2 when the persistence
length of the active motion, lp ∼
√
T speffτp/ξ0, becomes
comparable to the range of the potential.
Interestingly, the dependence of the effective tempera-
ture defined through the Einstein relation on the persis-
tence time of the self-propulsion is the opposite of that
obtained by Levis and Berthier [19] for the system of self-
propelled hard disks evolving with Monte Carlo dynam-
ics. Other evidence of a non-universal dependence of the
properties of active systems on the departure from thermal
equilibrium was noted earlier in Ref. [16].
In Fig. 4b we show the τp dependence of the simplest
structural quantity, the pair distribution function g(r) [1,
2]. Even for the shortest persistence time investigated,
τp = 0.001, the height of the first peak of g(r) is markedly
different from its value for the thermal Brownian system.
The results showed in Fig. 4 are consistent with re-
sults obtained by Fodor et al. [13]. They found that for
a range of persistence times the main effect of the depar-
ture from equilibrium is a renormalization of the interac-
tion potential. This has a profound influence on the local
structure but does not change the effective temperature
defined through the Einstein relation.
Discussion. – We have presented here a method
to calculate linear response functions for a class of self-
propelled systems from un-perturbed simulations. Our
approach generalizes the Malliavin weights method to sys-
tems evolving under the influence of a persistent noise.
The method can be easily applied to calculate the re-
sponse of an AOUPs system to a periodic in space time-
independent potential [19]. This will allow us to study
the wave-vector dependence of effective temperatures. We
would also like to investigate the response to an externally
imposed shear flow. This will allow us to study the linear
p-5
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viscoelastic properties of active systems. Finally, it would
be interesting to investigate whether the approach pre-
sented here could be generalized to calculate directly the
frequency-dependent response, i.e. response to a pertur-
bation periodic in time [9], and to calculate directly linear
response functions for systems of active Brownian parti-
cles, without relying on the mapping procedure proposed
in Ref. [14].
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Appendix: derivation of the main result. – To
evaluate the dependence of 〈Φ(x; t)〉λ on λ we follow the
strategy inspired by Sec. 2 of Ref. [8]. Specifically, we
write 〈Φ(x; t)〉λ as
〈Φ(x; t)〉λ =∫
dxNdfN ...dx0df0Φ(xN )Pλ(xN , fN |xN−1, fN−1; ∆t)
× . . . Pλ(x1, f1|x0, f0; ∆t)P ss(x0, f0), (27)
where for 1 < i Pλ(xi, vi|xi−1, fi−1; ∆t) is the transition
probability over small interval ∆t = t/N , corresponding
to the evolution equations (1-2) with modified force Fλ,
Pλ(xi, fi|xi−1, fi−1; ∆t) =
δ (xi − xi−1 − (Fλ(xi−1) + fi−1)∆t/ξ0)
×
exp
(
− (fi−fi−1+fi−1∆t/τp)2
4ξ0T
sp
eff∆t/τ
2
p
)
√
4piξ0T
sp
eff∆t/τ
2
p
, (28)
Pλ(x1, v1|x0, f0; ∆t) is the transition probability with the
un-modified force F , and P ss(x0, f0) is the steady state
distribution for the un-perturbed system (i.e. the system
evolving under the influence of force F ).
At this point it is convenient to change the integration
variables for 0 < i < N from (xi, fi) to (xi, wi), where
wi = Fλ(xi) + fi. Next, one differentiates both sides of
Eq. (27) w.r.t. λ. Then, after some transformations, one
changes the variables back to the original variables and
one obtains the following equation
d
dλ
〈Φ(x; t)〉λ =
∫
dxNdfN ...dx0df0Φ(xN )
×
[
− (fN − fN−1 + fN−1∆t/τp)
2ξ20T
sp
eff∆t/τ
2
p
(
1− ∆t
τp
)
∂Fλ(xN−1)
∂λ
+
N−1∑
i=1
(fi − fi−1 + fi−1∆t/τp)
2ξ20T
sp
eff∆t/τ
2
p
(
∂2Fλ(xi−1)
∂xi−1∂λ
xi − xi−1
∆t
)
∆t
+
N−1∑
i=2
(fi − fi−1 + fi−1∆t/τp)
2ξ20T
sp
eff∆t/τp
(
∂Fλ(xi−1)
∂λ
)
∆t
+
(f1 − f0 + f0∆t/τp)
2ξ20T
sp
eff∆t/τ
2
p
∂Fλ(x0)
∂λ
]
×P (xN , fN |xN−1, fN−1; ∆t) . . . P (x1, f1|x0, f0; ∆t)
×P ss(x0, f0). (29)
Then, one uses an identity which follows from the time-
independence of a the steady state distribution,∫
dxNdfN ...dx0df0
Φ(xN )− Φ(xN−1)
∆t
×
N−1∑
i=1
(fi − fi−1 + fi−1∆t/τp)
2ξ20T
sp
eff/τ
2
p
∂Fλ(xi−1)
∂λ
×P (xN , fN |xN−1, fN−1; ∆t)...P (x1, f1|x0, f0; ∆t)
×P ss(x0, f0) =
∫
dxNdfN ...dx0df0Φ(xN )[
− (fN − fN−1 + fN−1∆t/τp)
2ξ20T
sp
eff∆t/τ
2
p
∂Fλ(xN−1)
∂λ
+
(f1 − f0 + f0∆t/τp)
2ξ20T
sp
eff∆t/τ
2
p
∂Fλ(x0)
∂λ
]
×P (xN , fN |xN−1, fN−1; ∆t) . . . P (x1, f1|x0, f0; ∆t)
×P ss(x0, f0) (30)
Combining Eqs. (29) and (30) one arrives at the final Eq.
(31),
d
dλ
〈Φ(x; t)〉λ =
∫
dxNdfN ...dx0df0{
Φ(xN )
[
N∑
i=2
(fi − fi−1 + fi−1∆t/τp)
2ξ20T
sp
eff/τp
∂Fλ(xi−1)
∂λ
+
N−1∑
i=1
(fi − fi−1 + fi−1∆t/τp)
2ξ20T
sp
eff/τ
2
p
∂2Fλ(xi)
∂xi∂λ
xi − xi−1
∆t
]
+
Φ(xN )− Φ(xN−1)
∆t
N−1∑
i=1
(fi − fi−1 + fi−1∆t/τp)
2ξ20T
sp
eff/τ
2
p
×∂Fλ(xi−1)
∂λ
}
× P (xN , fN |xN−1, fN−1; ∆t) . . .
×P (x1, f1|x0, f0; ∆t)P ss(x0, f0). (31)
In Eqs. (29-31) P (xi, fi|xi−1, fi−1; ∆t) is the transition
probability corresponding to the un-perturbed evolution.
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It has the same form as the transition probability (28) but
the force is the unperturbed force F (xi−1).
Assuming that the ∆t → 0 limit can be taken, we get
our main result, Eq. (3), with weights q(t) and p(t) evolv-
ing according to Eqs. (4-5).
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